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The optical properties of inhomogeneous cerium dioxide (CeO2) films on aluminum (Al) sub-
layer are investigated. The dependencies of the reflection, scattering, and absorption of coherent
electromagnetic radiation as functions of the incidence angle and polarization are studied. The
experimental and numerical studies show the existence of an incidence angle at which the scattering
and absorption of coherent radiation with s-polarization increase simultaneously and the specular
reflection becomes just about a few percents. The angle corresponds to an excitation of Fabry-Perot
resonator modes. This effect opens up great prospects for manipulation (tuning) of the reflection
from the inhomogeneous films.
PACS numbers: ???
I. INTRODUCTION
The scattering of light by inhomogeneities is of inter-
est for various fields of physics and engineering, ranging
from astronomical and atmospheric studies [1, 2] to ap-
plications in medicine and technology (increasing the ef-
ficiency of solar cells [3], analyzing biological samples [4],
etc.).
Among the light scattering problems, two important
cases are widely discussed in literature: volume scatter-
ing in an inhomogeneous medium [5–7] and scattering by
the roughness of the sample boundaries [8–11].
In the case of volume scattering, the propagation of
an electromagnetic wave through a medium containing a
certain volume concentration of inhomogeneities is con-
sidered [12, 13] (a composite material with inclusions).
The processes of scattering and absorption are described
in the diffusion approximation [14, 15] by the Kubelka-
Munk theory [15] and using the Monte Carlo method
[16, 17]. Particular attention is paid to light scatter-
ing inside the bounded structures where it is possible
to identify regions with different optical properties; e.g.
light scattering inside multilayer systems is considered in
a number of papers [13, 18–20].
Another class of light scattering problems devoted to
rough surfaces has been studied in detail by many authors
[9–11, 21–28]. As a rule, the surfaces having small height
fluctuations (in comparison with the illumination wave-
length) are considered within the frameworks of theoreti-
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cal works. This allows one to construct perturbation the-
ory [11, 27] or an equivalent method of stochastic func-
tionals [21, 22]. These approaches were used in [11, 22]
to study single and double scattering processes in detail
(in particular, the effects of backward coherent scatter-
ing and satellite peaks are considered). It is worth noting
here that two problems can be distinguished: light scat-
tering by the roughness of half-space boundary [28] and
light scattering by rough boundaries of structured sam-
ples, in particular, layered systems [22, 25, 27]. In the
latter case, the light scattering is significantly affected
by the modes of the system. For example, the effect of
resonant scattering was discovered in the layered system
supporting the guided modes [8]. The resonant scattering
occurs at the angles of guided mode excitation. Experi-
mental investigations of scattering spectra for films with
a rough surface are presented in [8, 29, 30].
The presence of system eigenmodes may result in sig-
nificant scattering features. It should be noted, in this
connection, that the high contrast of material dielectric
permittivity and the small Ohmic losses result in the res-
onances with a high Q-factor. Therefore, the films of
cerium dioxidea non-absorbing material with a large re-
fractive index used for single- and multilayer coatingsare
of particular interest [31]. Moreover, the microstructure
of cerium dioxide layers depends strongly on the manu-
facturing method of the film and can be completely inho-
mogeneous [31–37]. Because of the large refractive index
together with an inhomogeneous microstructure, cerium
dioxide (CeO2) structures are the attractive objects for
light scattering studies.
This paper is devoted to laser light scattering inside
CeO2 films produced by electron-beam deposition in vac-
uum [38]. It is worth noting that a CeO2 film structure
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2possesses complex morphology, in particular a faceted
one [38]. The complex nanostructure of the CeO2 film
can significantly affect the optical properties [33, 34].
Furthermore, the light scattering by film inhomogeneities
may lead to an effective attenuation of the coherent ra-
diation. In the paper we propose a simple model of light
scattering by inhomogeneities. The model makes it pos-
sible to describe the scattering and reflection features
found experimentally.
The paper is organized as follows. Firstly, the inves-
tigated samples of cerium oxide and sample morphology
are considered (Section 2). Then, the scheme of the ex-
periment on laser light reflection and scattering measure-
ments is presented (Section 3). Section 4 is devoted to
the theoretical model describing light scattering. The
theoretical consideration starts with a case of weak scat-
tering, when the power scattered by inhomogeneities is
negligibly small in comparison with the power of the inci-
dent wave. Then, the case of strong scattering is studied
and the scattering parameter used in calculations is in-
troduced. Finally, in Section 5 the results are briefly
summarized.
II. CERIUM DIOXIDE SAMPLE
The studied sample is a two-layered system placed on a
substrate of ceramic alumina (Al2O3). The substrate was
covered by a 100150 nm thick aluminum (Al) sublayer.
The CeO2 film was deposited on the Al sublayer. The
film thickness was 2100 nm.
A technological route to produce cerium dioxide films
consists of the following steps:
- pretreatment of an Al2O3 substrate surface by wash-
ing in isopropyl alcohol and ion cleaning in a vacuum
chamber (10−2 Torr) by an ion beam (beam current 150
mA, voltage 1.5 kV) for 15 minutes;
- electron-beam deposition of the Al sublayer by elec-
tron beam evaporation (electron beam current 100 mA,
voltage 8kV);
- placing high purity CeO2 powder into a water-
cooled copper crucible, and its electron-beam evapora-
tion (beam current 30 mA, voltage 8 kV).
The deposited film thickness was measured using opti-
cal inspection of the interference maxima and minima at
600 nm using the control glass sample.
An important feature of the system is the structure of
the CeO2 layer: firstly, this film has a sufficiently large
thickness (up to several wavelengths in the optical spec-
trum); secondly, an inhomogeneous faceted (islet) struc-
ture (see Fig. 1a) is formed as a result of the manufac-
turing process. The CeO2 islands, with characteristic
transverse dimensions ∼ 2−4µm, are divided by narrow
cracks (∼ 10− 70 nm). Moreover, the islands themselves
also support the density inhomogeneities.
Figure 1 shows typical faceted structures of the films
produced. A detailed study of the faceted film structure
(a) (b)
FIG. 1: a) A SEM image of a CeO2 film; b) a cleavage of a
CeO2 film.
FIG. 2: The schematic representation of the system un-
der investigation. The laser beam is incident upon the
CeO2/Al/Al2O3 sample at an angle θ.
was carried out by using atomic force microscopy (AFM)
and scanning electron microscopy (SEM).
III. EXPERIMENT
The CeO2 film of the two-layered system under in-
vestigation possesses the inhomogeneous structure which
results in scattering of a coherent light beam. The mea-
surements were carried out to investigate the scattering
and reflecting characteristics. Namely, the angular de-
pendence of scattering and specular reflectance on the
coherent light incidence angle was measured at a wave-
length λ = 632.8 nm (see Fig. 2). The experimental
setup for measuring angular dependences of specular (R)
and total (hemispherical) reflectance (the sum of R and
scattering coefficient, S) consisted of a He-Ne laser, an
integrating sphere, a rotating table with a sample holder,
3FIG. 3: The experimental setup for measuring angular de-
pendences of the total and specular reflection.
optical elements (mirrors, polarizers, a Fresnel rhomb),
and a laser radiation power meter (see Fig. 3). The mea-
surements were carried out at the wavelength of 632.8 nm
with an average laser radiation power of 35 mW. The col-
limated laser beam with a given linear polarization was
directed to the sample in a horizontal plane (along the X-
axis) through two diaphragms with a diameter of 2 mm
(Fig. 3). The direction of the polarization vector (s- or
p-) was established by the double Fresnel rhomb and the
Glan-Taylor prism (Polarizer in Fig. 3).
The total reflectance was measured by using the in-
tegrating sphere with a photodetector. To measure
the specular reflection, the laser power meter (Coherent
Fieldmate) with a silicon photodiode detector (Coherent
Op-2VIS) was used. The measurements were performed
in the range 4 − 56◦ of the incidence angles θ adjusted
with an accuracy of 1◦.
The detailed schematic and geometry of the total laser
radiation reflectance (R + S) measurements are presented
in Fig. 4.
The integrating sphere used in measurements was a
thin-walled hollow sphere with a diameter of 150 mm.
The inner surface of the sphere was covered by powder
of barium oxide crystals BaO, forming a rough white
coating. The coating provided the scattering of light in-
side the sphere in a wide spectral range (400-650 nm).
The sphere had two apertures: a small one, 5 mm in di-
ameter (on the side in Fig. 4), and a large one, with a
diameter of 25 mm (on the bottom in Fig. 4). A large
aperture was used to mount a CeO2/Al/Al2O3 sample
inside the sphere. The sample plate was installed ver-
tically on a thin axial holder, which passed along the
vertical Z axis through the center of the base rotating in
the horizontal plane (XY). A collimated beam of laser
radiation was guided through a small aperture inside the
sphere, where it illuminated the sample at a certain angle
θ in the plane of incidence (XY). The radiation specularly
reflected from the sample and scattered by it illuminat-
ing the inner surface of the sphere and was repeatedly
scattered by its rough surface. As a result, the radia-
tion scattered by the spheres inner surface fell on the
photodetector. The photodetector consisted of a set of
multidirectional fibers attached to a silicon photodiode,
FIG. 4: Scheme of the total reflectance measurements by us-
ing the integrating sphere.
which registered light in the range 3201100 nm.
Mounting of the sample on the thin axis prevented sig-
nificant absorption of light scattered at the sphere surface
by the elements of the holder. To reduce the scattered
radiation losses through the large aperture, it was cov-
ered with a white scattering screen having a small hole
in the center for the sample rotation.
The calibration of the integrating sphere photodetector
was carried out using a small high-reflectance aluminum
mirror, which was mounted instead of the sample. In the
process of the calibration, the power of the specularly
reflected laser beam was measured by the photodetector
and the power meter.
The angular dependence of the specular reflection was
measured similarly but without the integrating sphere.
In this case, the photodetector of the power meter was
being moved in the XY plane around the vertical axis Z to
confront its input aperture with the specularly reflected
beam.
As a result, the dependences of the scattering coeffi-
cient and specular reflection on the angle of incidence of
an s-polarized light have been derived. The absorption
coefficient has been calculated using the energy conser-
vation law A(θ) + R(θ) + S(θ) = 1. It should be noted
that there exist the angles of incidence at which scatter-
ing is increased. Absorption increases at the same angles
of incidence (see Fig. 5).
IV. LIGHT SCATTERING BY THE VOLUME
INHOMOGENEITIES
To explain the features of the coherent light scattering
observed in the experiment, we consider a simple model
of scattering in the dipole approximation: the incoherent
radiation emitted by the CeO2 film inhomogeneity is con-
4FIG. 5: Specular reflection, R (black), scattering, S (red),
and absorption, A (green) coefficients of the CeO2/Al/Al2O3
sample as a function of the angle of incidence of an s-polarized
633-nm coherent beam.
sidered as the emission of a dipole induced by a coherent
external field. As a result of the coherent radiation scat-
tering, part of the coherent beam energy transforms into
incoherent scattered radiation energy. Therefore, the co-
herent part of the radiation decreases as the beam prop-
agates through the material. The radiation scattered by
different dipoles will be considered incoherent. In the
calculations, we assume that the dipoles representing in-
homogeneities (the volume fluctuations of the refractive
index) are uniformly distributed within the film volume.
The important simplification used in the paper is con-
sidering only single scattering processes and neglecting
multiple scattering ones. This approximation is valid
for the propagation length of radiation inside the system
smaller than the mean free path.
First, we consider a model system in which the scat-
tering is weak and the light attenuation on the layer
thickness is insignificant1. We note at once that this
approximation does not apply to the CeO2 film (as soon
as according to the experimental results the losses due
to scattering are comparable with the Ohmic losses (see
Fig. 5)), and it is considered only for a qualitative ex-
planation of the simultaneous increase in scattering and
absorption. Then we proceed to the case of strong scat-
tering for a direct explanation of the experiment.
1 This approximation is justified if the scattering cross section of
inhomogeneities and their concentration are small, and the film
thickness does not exceed several wavelengths (that is, this ap-
proximation is correct if the scattered energy is much less than
the Ohmic losses in the system).
A. Weak scattering case
In this section it is considered that the scattering is
weak and the energy of the incident coherent radiation
does not decrease due to scattering, that is, all the dipoles
are in the field of such an external wave as they would
be in the absence of scattering.
In the long-wavelength approximation, a dipole mo-
ment of a single scatterer is directly proportional to the
local electric field. To calculate the scattered field, it is
convenient in the given geometry to proceed to the plane
wave basis by expanding the dipole radiation into plane
waves with different propagation directions and polariza-
tions. Then, the electromagnetic field induced by a dipole
in the system (and the scattered radiation field) can be
found by considering the propagation of each plane wave
of the expansion through the system. The calculation
of the electric field by this method is equivalent to the
introduction of the Green function for the dipole inside
the structure. A detailed description of the calculation
procedure is given in the Appendix.
In the weak scattering approximation, the contribu-
tion of the scattered radiation to the total energy of the
radiation can be neglected, and the sum of the absorp-
tion coefficient A and the specular reflection R from the
sample is 1
R+A = 1 (1)
i.e. the energy of the scattered radiation is much smaller
than that of the coherent radiation. It should be noted
that the equation (1) expressing the energy conservation
law does not include the transmittance. The point here is
that the transmittance of the considered system is neg-
ligible due to the Al sublayer having a large negative
dielectric permittivity.
Figure 6 displays the calculated dependences of the
specular reflection, absorption and scattering coefficients
of s-polarized radiation on the incidence angle. The cal-
culated values of the reflection and absorption coefficients
correspond to the system without defects and density
fluctuations, and the transformation of the coherent ra-
diation energy to that of the incoherent one is not taken
into account (it is assumed that the latter is infinitesi-
mally small). The scattering coefficient curve is normal-
ized for clarity to the experimental value of the quantity
at the incidence angle 4◦.
To clarify the presence of the scattering and absorption
peaks in Figure 6, the eigenmodes of the considered sys-
tem should be taken into account. One can distinguish
unbound (radiation) and localized (guided) modes of a
dielectric layer.
The localized modes are the guided modes of a one-
dimensional waveguide, which are localized inside the
layer due to total internal reflection from the boundaries
of the layer. In the case, the mode propagates through
the layer and loses energy only due to the absorption in
the materials.
5FIG. 6: Dependences of the specular reflection, total scat-
tering and absorption coefficients on the incidence angle of
s-polarized radiation. The thickness of the CeO2 film -
2096 nm, the dielectric permittivity at the wavelength of
632.8 nm εCeO2 = 4.595 (nCeO2 = 2.1436). The parameters
of the Al sublayer: dAl = 200 nm, εAl = −51.4 + 18.4i [39].
The dielectric permittivity of the substrate is εAl2O3 = 2.89
(nAl2O3 = 1.70). The total scattering coefficient dependence
is normalized to the experimental result at the incidence an-
gle 4◦. The vertical dashed line indicates the angle of mode
excitation (see Equation 2), and the dotted line corresponds
to the Brewster angle.
FIG. 7: A dielectric waveguide (CeO2) placed on a sublayer
of an metal (Al).
The radiation modes of the waveguide are unbound
modes which are not confined to the waveguide. In con-
trast to the guided modes, these modes have losses caused
by the light transmission through the boundaries of the
system (see Fig. 7). The particular interest is associated
with the resonant radiation modes (RRM) of the waveg-
uide analogous to a Fabry-Perot resonator mode.
The RRM excitation condition is the phase synchro-
FIG. 8: Modulus of Poynting vector in the CeO2 film cross
section for coherent s-polarized wave. The horizontal axis in-
dicates the angle of wave incidence, the vertical axis indicates
the distance to Al sublayer. The thickness of the CeO2 film
- 2100 nm, the dielectric permittivity at the wavelength of
632.8 nm εCeO2 = 4.595 (nCeO2 = 2.1436). The parameters
of the Al sublayer: dAl = 200 nm, εAl = −51.4 + 18.4i [39].
The dielectric permittivity of the substrate is εAl2O3 = 2.89
(nAl2O3 = 1.70). Poynting vector of the incident wave is nor-
malized to 1.
nization matching (see Fig. 7). Taking into account the
additional phase shift upon reflection from the Al sub-
layer, the RRM excitation condition can be written as
2dnk0 cos(θ
′) +4ϕ = 2pim (2)
where
4 ϕ = arg(rCeO2/Al) = arg
(
YCeO2 − YAl
YCeO2 + YAl
)
(3)
is a phase jump at the boundary CeO2/Al. Here,
rCeO2/Al is the reflection coefficient of light incident from
the half-space of CeO2 onto the aluminum half-space,
YCeO2 and YAl are the angular admittances for the cor-
responding materials [40]. It is worth mentioning that
condition (2) is essentially a condition of the Salisbury
screen [41], which indicates that there is a large absorp-
tion in the system.
The excitation of the RRM by the incident wave leads
to enhancement of the electric field inside the CeO2 layer
(see Fig. 8). As a result, the dipole moment representing
the inhomogeneity increases as soon as its value is di-
rectly proportional to the electric field. Hence, the scat-
tered field increases. At the same time, light absorption
increases due to the electromagnetic energy concentra-
tion inside the system.
The considered model reflects the effect of increasing
the scattering observed in the real system. When the
coherent laser beam illuminates the sample at the angle
corresponding to the excitation of an RRM, a consider-
able part of the beam energy is transferred to the mode of
6the system (see Fig. 8). The radiation mode propagates
inside the film, where its energy is dissipating due to in-
homogeneities and absorbed due to Ohmic losses in alu-
minum. Thus, the coherent radiation is transformed into
the radiating dipoles through the RRM, and the scatter-
ing increases sharply (see Fig.!6). At the same time, the
absorption coefficient also increases.
A similar effect was observed for air/Ag/MgF2/Ag
layered system [8], where it was shown that at the an-
gles corresponding to the excitation of the guided modes,
light scattering by the surface roughness increases. Thus,
the scattering amplification effect is observed when either
a guided mode or a resonant radiation mode (a Fabry-
Perot resonator mode) is excited
To summarize, it can be concluded that the excitation
of the waveguide RRM at a certain angle of incidence
leads to the concentration of the incident wave radiation
inside the film, which greatly increases both the scatter-
ing associated with the presence of inhomogeneities and
the absorption due to Ohmic losses in aluminum. There-
fore, at certain angles of incidence corresponding to the
resonant radiation modes, both scattering and absorp-
tion coefficient maxima can be observed.
B. Strong scattering, comparison with the
experiment
As it was mentioned earlier, the CeO2 film possesses
the inhomogeneous structure. The film contains vari-
ous types of defects (gaps separating the facets of CeO2,
surface roughness of the film, surface roughness of the
Al sublayer, volume density inhomogeneities) acting as
light scattering centers. Coherent radiation scattering
by inhomogeneities of different types results in the trans-
fer of its energy to that of the incoherent radiation. If
the scattering is sufficiently large (the considerable part
of the energy is transferred), it is necessary to solve the
self-consistent problem; i.e. the coherent radiation en-
ergy losses due to the scattering should be taken into
account. To formulate the self-consistent problem, we
introduce the effective absorption of the coherent radia-
tion in the CeO2 film as an additional imaginary part of
the CeO2 effective refractive index
neffCeO2 = nCeO2 + insc. (4)
The introduced value nsc should describe the transfer
of the coherent radiation into the incoherent component.
Its value depends on the concentration and scattering
cross-section of all the inhomogeneities located inside the
film. To clarify the meaning of nsc, consider the propaga-
tion of a coherent radiation beam through a homogeneous
medium containing scatterers. The intensity attenuation
of the coherent radiation after passage of the section dx
can be described by the approximated transport equa-
tion [15]
I(x+ dx) = I(x)− I(x)σNdx (5)
where σ is the scattering cross-section of a single scat-
terer, and N is the scatterer concentration. Thus, the
intensity of the coherent radiation decays exponentially
with the propagation length
I(x) = I0e
−σNx. (6)
In the case of the presence of different types of scatterers,
Equation (5) turns into
I(x+ dx) = I(x)−
∑
i
I(x)σiNidx (7)
where σi and Ni are the scattering cross-section and the
concentration of the i-th inhomogeneity type. On the
basis of Equation (7), the single effective parameter can
be introduced as
σeffNeff =
∑
i
I(x)σiNi (8)
i.e. the problem with several types of scatterers can be
reduced to the problem with one parameter. This fact is a
result of the additive contributions of different scatterers
to the coherent radiation intensity attenuation (7).
At the same time, if a material has a complex refrac-
tive index n = n1 + in2 (where the imaginary part is
responsible for the effective absorption of the coherent
radiation), the beam intensity attenuation in it can be
described as
I(x) = I0e
−2n2k0x (9)
where k0 is the wavenumber in free space. The (6), (8)
and (9) result in the estimation
n2 =
1
2k0
σeffNeff (10)
which connects the imaginary part of the effective refrac-
tive index with the scattering characteristics. Thus, the
single parameter σeffNeff can be used for the descrip-
tion of the scattering. In this paper the value of this
parameter is estimated based on the experimental data.
The estimation of the CeO2 film parameters is per-
formed by the optimization procedure for the film thick-
ness and the effective refractive index. As an opti-
mized function, a discrepancy between the experimen-
tal and theoretical reflectance curves of s-polarized light
is chosen. The discrepancy is calculated by the L2
norm. The Nelder-Mead method is used for optimiza-
tion [42]. For the effective parameter σeffNeff , the value
n2 =
1
2k0
σeffNeff ≈ 0.0105 is numerically obtained.
The optimized parameters of the CeO2 film were used
in calculations. It should be noted that the imaginary
part of the effective refractive index, in this case, is not
responsible for absorption (absorption occurs only in the
aluminum layer) and rather describes the transformation
of coherent radiation to incoherent radiation.
The calculated reflectance, absorption and scattering
coefficients as functions of the s-polarized laser beam in-
cidence angle are shown in Figure 9. The reflectance R is
7FIG. 9: Dependences of the specular reflection, total scat-
tering and absorption coefficients on the incidence angle of
s-polarized radiation. Symbols indicate the values obtained
experimentally. The calculated thickness of the CeO2 film -
2096 nm, the refractive index at the wavelength of 632.8 nm
nCeO2 = 2.1436+0.0105i. The parameters of the Al sublayer:
dAl = 200 nm, εAl = −51.4 + 18.4i [39]. The dielectric per-
mittivity of the substrate is εAl2O3 = 2.89 (nAl2O3 = 1.70).
The vertical dashed line indicates the angle of mode excita-
tion (see Equation 2), and the dotted line corresponds to the
Brewster angle.
calculated using the T-matrix method. According to the
energy conservation law, the sum of the scattering (S)
and absorption (A) coefficients is
S +A = 1−R. (11)
Both the absorption in aluminum and the scattering
in cerium dioxide lead to the losses in coherent radiation
energy. The coefficient S is normalized to the intensity of
the experimental value of the scattered radiation at the
normal incidence. The remaining fraction of the energy
is absorbed inside the aluminum.
The angular dependencies (see Fig. 9) calculated in the
framework of the considered simple model are in good
agreement with the experimental result. The dashed line
indicating the Fabry-Perot mode (RRM) excitation an-
gle coincides with the minimum of the reflection curve.
That confirms the strong dependence of scattering and
absorption coefficients maxima on the Fabry-Perot reso-
nant modes. The revealed nature of scattering and ab-
sorption coefficients maxima opens up great prospects for
manipulation of the reflection from the inhomogeneous
films
V. CONCLUSION
The scattering of the coherent electromagnetic radia-
tion by inhomogeneities of the CeO2 film is considered
in the paper. The electron-beam-deposited cerium diox-
ide is a material possessing inhomogeneities of different
types. It is experimentally shown that the light scatter-
ing and absorption coefficients simultaneously increase at
certain radiation incidence angles.
The scattering is theoretically studied in terms of the
single-scattering approximation. The proposed theoret-
ical model showed excellent agreement with the experi-
mental data. The important point of the consideration
is the use of a single adjustable parameter, namely, the
effective scattering cross-section, in the model.
It is shown that the increase in scattering and absorp-
tion of the incident coherent wave occurs at the angles
of incidence, at which the resonant radiation modes (the
modes of a Fabry-Perot resonator) are excited. Thus, the
increase in scattering and absorption occurs due to the
field enhancement inside the film by the resonant radi-
ation modes of the system. The scattering of coherent
electromagnetic radiation by inhomogeneities of cerium
oxide film is considered in the paper. The electron-beam
deposited cerium dioxide is a material possessing inho-
mogeneities of different types. It is experimentally shown
that the scattering and absorption of light simultaneously
increase at certain radiation incidence angles.
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VII. APPENDIX
We consider a single dipole inside the layer of CeO2
(see Fig. 10). The magnitude of the dipole will be as-
sumed to be linearly dependent on the magnitude of the
field
~d = α~E(x, y, z) (12)
where α is the inhomogeneity polarizability. In other
words, in our model the orientation and magnitude of
the dipoles are determined by the distribution of the co-
herent electric field in the sample. The magnitude of the
electric field of the coherent radiation (see Fig. 10) will
be calculated by using the T-matrix method [40].
In the statement of the scattering problem given in the
paper, the calculation of the scattered light amplitudes is
equivalent to the calculation of the dipole-induced field.
The following approach to the field calculation is equiva-
lent to calculating the Green function for a dipole placed
into the structure under consideration.
The dipole acts as a radiating source. Let us consider
the radiation of a dipole in a vacuum. We will consider
8FIG. 10: Model of a system with a dipole scatterer.
the coordinate system depicted in Fig. 10. The polariza-
tion vectors are
~es =
(
ky
k‖
−kxk‖ 0
)T
(13)
for s-polarization and
~ep =
(
kxkz
kk‖
kykz
kk‖
−k‖k
)T
(14)
for p-polarization. Here k is the wavenumber in vacuum,
and k‖ =
√
k2x + k
2
y. The electric dipole field can be
written in the form [43]
~E = ik
(
~A+
1
k2
~5
(
~5, ~A
))
(15)
where ~A is the vector potential, equal to
~A(~r) = − iω
c
expik|~r−~r0|
|~r − ~r0|
~d0 (16)
Here, ~r0 is the radius vector of the dipole position, and
~d0 is the dipole moment magnitude. Applying Weyl rep-
resentation for a spherical wave [44]
eikr
r
=
i
2pi
∫∫ +∞
−∞
ei(kxx+kyy+kzz)
kz
dkxdky (17)
one obtains the expansion over the basis of the plane
waves
~E =
i
2pi
∫∫ +∞
−∞
1
kz
k2 − k2x −kxky −kxkz−kxky k2 − k2y −kykz
−kxkz −kykz k2 − k2z
dxdy
dz

· ei(kxx+kyy+kzz)dkxdky (18)
The expression (18) for the electric field can be decom-
posed over the plane waves of different polarizations
~E =
i
2pi
∫∫ +∞
−∞
(Es(kx, ky)~es + Ep(kx, ky)~ep)
· ei(kxx+kyy+kzz)dkxdky (19)
FIG. 11: A dipole placed between two layered subsystems.
where
Es(kx, ky) =
k2
k‖kz
(kydx − kxdy) (20)
for s-polarization and
Ep(kx, ky) =
k
k‖
(kxdx + kydy)−
kk‖
kz
dz (21)
for p-polarization.
It is further convenient to calculate the dipole-induced
field inside the structure by using the T-matrix method.
It is easier to carry out the calculation by distinguish-
ing two parts of the system: subsystems above and below
the dipole (see Fig. 11). Then, the dipole is placed in-
side an infinitely thin layer separating the subsystems. In
this case, the radiation of a dipole inside this infinitely
thin layer can be described by formulas (19), (20), (21).
The problem of electromagnetic wave propagation can be
calculated with the help of the T-matrices T+ and T−,
respectively (see Fig. 11). The field at the upper (lower)
boundary of the system can be found by solving the fol-
lowing system of equations:(
t+
0
)
= T+
(
f+ + b
a
)
(22a)(
b
a+ f−
)
= T−
(
0
t−
)
(22b)
where the amplitudes t+, t−, a, b, f+, f− of the waves are
shown in Figure 11. The amplitudes a and b correspond
to the waves reflected from the lower and upper subsys-
tems, and f+ and f− are the amplitudes of the waves
induced by the dipole (see (19), (20), (21)). Knowledge
of the wave amplitude E+s,p on the upper plane of the
system allows one to obtain easily the field at infinite
9distance according to the formula
E(∞)s,p (
x
r
,
y
r
,
z
r
) = −ikzE+s,p(kx, ky)
eikr
r
, r →∞ (23)
where E
(∞)
s,p (
x
r ,
y
r ,
z
r ) is the amplitude of polarized light
at a large distance in the direction of the vector (xr ,
y
r ,
z
r ).
Thus, the scattering amplitude can be calculated. The
integrating of the scattering amplitude modulus square
over the hemisphere is the hemispherical scattering.
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